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Abstract— Direction-of-arrival (DOA) estimation techniques
that are based on grids depend on the solution of a challenging
group-sparse optimization problem involving the 12,0 pseudo-
norm. In this paper, we demonstrate that by substituting a group
minimax concave penalty with appropriate parameters for the
12,0 term, an exact relaxation of this issue may be obtained.
Compared to the initial 12,0-regularized criteria, this relaxation
is continuous and accepts fewer local (rather than global)
minimizers, making it more accessible to non-convex
optimization techniques. Then, using numerical simulations, we
demonstrate that using an iteratively reweighted 12,1 strategy to
minimize the suggested relaxation improves performance over
conventional methods.

Index Terms—I, e-norm minimization, DOA, exact relaxations,
MMV -sparse optimization.

|. INTRODUCTION

IRECTION-OF-ARRIVAL (DOA) estimation is of funda-

mental importance in array signal processing. It refers to
the process of retrieving the incident angles of signals reaching
an antenna array. Conventional estimation techniques [1] include
beamforming methods such as Bartlett or Capon’s [2] beam-
formers, subspace methods like the MUSIC [3] or ESPRIT [4]
algorithms, as well as maximum likelihood approaches [5].
Because subspace methods exploit the statistical properties of
the observations, accurate DOA estimation is only made possible
at the price of a large number of snapshots and sufficiently
uncorrelated sources. Maximum likelihood approaches are, for
their part, very sensitive to initialization.

During the last decade, these limitations have been overcome
with the advent of sparse optimization. Many innovative DOA
estimation approaches have been proposed in this context. They
come in many flavors: on-grid, off-grid, or gridless, according

to the strategy adopted to deal with the non-linearity of the
DOA model [6]. On-grid methods make the assumption that
the incident angles belong to a prescribed grid. DOA estima-
tion is then transformed into a challenging linear group-sparse
optimization problem involving the /,, pseudo norm that can
be tackled through /, ; (or group-LASSO) relaxation [7]-[9],
h,q relaxation (0 < g < 1) [10], [11], smoothed /, ,-norm ap-
proximation [12], [13], or greedy methods [14], [15]. Although
still relying on a grid, off-grid methods do not constraint esti-
mated DOAs to be on that grid [16], [17]. This mitigates the
grid mismatch problem [18] at the price of the introduction
of an auxiliary variable to the sparse optimization problem.
Finally, gridless approaches work directly in the continuous
domain [19]-[22], thus avoiding the grid mismatch problem.
However, they may be computationally intensive as they rely on
the resolution of a semi-definite program. For more details on
sparse-based methods for DOA estimation, we refer the reader
to the comprehensive reviews [6], [23].

Contributions. We show that the challenging group-sparse
optimization problem that defines on-grid DOA estimation
methods can be exactly relaxed by replacing the /,, term by
a group minimax concave penalty (group-MCP) [24]. More
precisely, we prove that for a suitable choice of the group-MCP
parameters the relaxation preserves the global minimizers of
the /,, penalized least-squares criteria while removing some
of its local minimizers (Theorem 2). Moreover, we propose a
new dimensionality reduction technique to decrease the compu-
tational burden of the estimation when the number of snapshots
is larger than the number of antennas (Proposition 1). Finally,
we deploy an iteratively reweighted /, ; algorithm to minimize
the proposed relaxation and compare its performance against
previously proposed on-grid methods.

Notations: We use the notation Iy ={1,...,N}. For a
matrix Sc CV*" and a set of indices « Iy, S,e C"
denotes the restriction of S to its rows indexed by ¢ while

M - .
Nothiisderin Sl f-of TSRl GOVRIRTRRL: S EEoRSaS
is defined by 1¢,cq; := {1 if x € Q, 0 otherwise} u® v €

CM=" stands for the tensor product between u € C" and
v € C". Finally, x denotes the conjugate of x € C and A"
the conjugate transpose of A € C"x" .

Il. GROUP-SPARSE FORMULATION OF DOA ESTIMATION
The general equation that describes an antenna array is

Y=A(6)S+N, 1)
where S € C*<" is a matrix formed out of the L samples of

the K incident signals, Y eC"><" is the observation matrix
containing the L snapshots of the M antennas outputs, and



N e C"<" is an additive zero mean Gaussian noise with vari-

ance Oroise . The non-linear operator A : [0, 277)¢ — CYxX is
defined by

A(B) =(@U 1) a@>) - a(d «)) 2

where 8= (919 k)" € [0, 21) is the vector of incident
angles. The steering vectors (a(ﬁ'k)),ledepend on the geometry
of the antenna array. Then, given'Y, DOA estimation amounts
retrievi tr]? number of fjgnals K and their incident angles 6 .
is 1s a challenging non-Iifiear inverse problem.
By considering a set of predefined possible DOA angles
0=(9..9) clo21)" (N K), we obtain a linearized
version of model (1) as

Y ~ AZ +N, ®)
where Z € C¥<" is a row sparse matrix with K
N nonzero rows. Here, the matrix A = A(8) =

(YR OReeiing MGLR %%?NE ferroRgwautral the
ST VAN a%oeégﬁﬁfweent@& AT 2pER

estimation is converted into a group-sparse estimation problem
also referred to as multiple measurement vectors (MMV) sparse
estimation problem.

A natural measure of the row-sparsity of a matrix Z is given
by the mixed /, o, pseudo norm [10], [12]

|Z] 20 = =121, 1o 4)

nely

where|z|o = @ if z =0 1 otherwise @nd Z, denotes the nth
row of Z. Then, DOA estimation can be addressed through the
following (/,-15,0) optimization problem

A 2
Zearg min JZ):= J|AZ-YIr +AZ| p )
Z.cCNXxL

where A > 0 balances between data-fidelity and sparsity. This
problem is nonconvex, noncontinuous, and NP hard due to
its combinatorial nature. Yet, the single measurement vector
(SMV) case (i.e., L = 1) has been widely studied, driven by
the compressed sensing paradigm. Naturally, many of these ap-
proaches have been extended to the MMV setting, such as those
mentioned in the introduction. Such extensions are essential as
the resolution of MMV problems leads to an improvement in
the size of the recoverable support [25].

I11. DIMENSIONALITY REDUCTION

The computational cost of the algorithms deployed to mini-
mize J in (5) grows with the size of the problem (i.e., & L).
It is thus of practical interest to reduce this size. Inspired by the
1,-SVD method [7], [26], we show in Proposition 1 that, when
M < L, minimizing J : CVx* — R s equivalent to minimiz-
ing Fo : C"x" — R defined by

1
2
Fo(X) = ~IAX —YVDT| k4 A X| ,, (6)
where V comes from the singular value decomposition of Y
(Y = UEV") and D = [I,» Omx(—m)]. This shows that the

dimension of (5) can be reduced from (N x L) to (N x M).
Proposition 1: Let M < L and F, be defined by (6). Then

17

1) For each local minimizer X € C"<" of F,, Z=

XDV’ ¢ C"<"isalocal minimizer of J andJ (Z) =
Fo(X). . . .
2) There is a one-to-one mapping between strict local mini-

mizers (jncludlilngﬂglobal minimizers) of J and F,.
Proof: LetX € C™<" be alocal minimizer of F,and denote

by ¢ < I its support. Then, from [27, Lemma 2.4]* we have

A"A )X, =A'YVD' (7)
== (A"A )X ..DV'=A"Y, (8)
-> (AlA,)(XDVY, =AY ©)

showing that Z = X DV" is a local minimizer of J. To ob-
tain (8), we used the fact that V is unitary and that, by def-
inition of V and D, YVD'D = YV. Then, one can see
from (7)—(9) that X and Z have the same row-support and
thus that |Xl20= |Z|50. Finally, we obtain the equality
Je(qZu)aIitﬁ()-(-)| ’Pyz ciomlt))le;@PzFFhe previous arguments with the
The second assertion of the proposition comes from the fact
that A , isfull rank [27, Theorem 3.2] for strict local minimizers.
This implies that the systems in (7)—(9) have a unique solution.
Finally, the fact that global minimizers of J and F, are strict [27,
Theorem 4.4] completes the proof. O
From Proposition 1, we get that we can easily obtain a local
minimizer of J from one of F, (first assertion). And more
importantly, that any global minimizer of J can be reached from
global minimizers of F, (second assertion). In this respect, the
two problems are equivalent.

V. EXACT CONTINUOUS RELAXATION OF Fo

We consider the following relaxation® of F, in (6)

=
(p(yn/ Al |Xn | 2 )/ (10)
nely
where y, > 0for ncIy, and @(y, A;.) : R ¢— Risthe min-
imax concave penalty (MCP) [28] defined, for x >0, by
= T2 N4
Py, Aix)=A— 2y x— 2Ay 1x= v}

~ 1 2
F(X)=%5AX — YVD'| ¢+

(11)

It is a piecewise quadratic function (see Fig. 1) that satisfies
oy, A; x) SA|X|0 with equality for x- {9u 2AY, +o0)-
The complete penalty term in (10) is known as group-MCP [24].
The rationale behind this choice is that, in the SMV case, it has
been shown in [29], [30] that minimizing F, in (6) is equivalent
to minimizing £~ in (10) for a suitable choice of the parameters
v». Not only F~ admits the same global minimizers as Fo, but

some local (not global) minimizers of F, are removed by F~ [31].
We extend this result to the MMV setting in Theorem 2 (proof
in Supplementary Material).

Theorem 2: Let L, (resp., L ) be the set local minimizers of

Fo(resp., F). Let Gy < L, (resp. G~ < L) be the corresponding

10ne can easily extend Lemma 2.4, Theorem 3.2, and Theorem 4.4 of [27]
(uszed_in the proof of Proposition 1) to the MMV setting. .
It is noteworthy to mention that, as both J and Fo are /2-/2,0 functionals, all
the developments that we are doing for Fo can be transposed to J when L < M
(i.e., when the dimensionality reduction is not relevant).
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Fig.1. Graphof/o and MCPforA=1andg =2.

2
subset of global minimizers. Then, if y, <1/| A.,| , for all
n € Iy, we have,

L" < Lo and G =G, (12)

When (12) is satisfied, we say that the continuous relaxation
is exact. From Theorem 2, the prorz)osed continuous relaxation F

is exact as soon as b < 1/l A.,| 2 If the columns of the matrix
A BTSRRI B5eP T IoR BSRIEBona 11 A L 2 the
more F_ is likely to eliminate local (not global) minimizers of
Fo. Indeed, one gets from Lemma 5 (Supplementarx Material)

at X implies, V c1,l ,, €10 ,

ence, Ef%( E & Tt | ; i 2 2[}\)/,,5 ¥t sarie
n e Iy, then X & L. This shows that increasing y, can elimi-
nate more local minimizers of F,.

2
Remark 2: For the limit case y, = 1/| A, | 2 asimilar result
can be obtained, but the analysis is a bit more involved. Yet,
such a result has been derived in [32] when L = 1, leading to
the continuous exact /, (CELO) relaxation.

V. MINIMIZING THE RELAXATION F_

The continuity of £~ allows us to deploy nonsmooth noncon-
vex optimization algorithms for its minimization that cannot be
used directly with F

A. lteratively Reweighted /, ;

We consider the |terat|vefy rewelghtedl algorlthm (IRLY).

It proceeds by minimizing a series of convex majorlzatlons of the
objective which are equal to it at the current point. To minimize

F~, we follow [33]. Because ¢(y, A; -) is concave on Ry, it is
majored by its tangents (or half-tangent at 0). At x € Ry, the

(half) tangent of @(y, A; -) is

t(x) = w(y, A; %) (x — %) + @y, A; X), (13)
where the expression of the slope is
Wiy, Ai%) = oMV —X/v X< v_zzgrm (14)

}\ﬁgr}nx(lgé)c <M 'we can thus define a majorant of the penalty

= N
W(VW AI |Xn | 2)| Zn- | 2

nely

Q(Z) = (15)

Note that Q in (15) is defined up to a constant (i.e., ignoring the
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Algorithm 1:

Require: X% C"<"

1. X' . IRL1(F ;X0
2. k=1
 wal egfn Ze Leh that IX , € (0, V2Ap5)
5. Find a€{o, 2Ayk}mlnlmlzmg
F (X\n+ae ® ? ) .
6: X

_IRLL(F; X +ae g )

2
7. k=k+1
8: end while

algorithm [33] generates a sequence (X Jken as

xXMte arg min 1 AX - YVD' | + ZWle |,
x 2 n n- 2
nely (16)

where wnk = w(y, A; | XK | ;). Each sub-problem (16) is a

weighted /, ;-norm minimization problem which can be solved
using FISTA [34]. The convergence of the sequence generated
by IRL1 to a critical point of the objective is proven in [33] when

the objective verifies the Kurdyka- L01a3|eW|q:z {KL) inequality.
Itisthe case for F asX' —»1 AX — |sapolynom|al

functionand ¢(y, A; -) has a) piecewise polynomlal graph, which
are sufficient ingredients to conclude [35].

B. Ensuring the Convergence to Local Minimizers of F,

The IRL1 algorithm only ensures the convergence to a critical
point of £ while Theorem 2 provides a relation between (local)
minimizers of F and F,. It is thus of interest to complete the

result of Theorem 2 with an analysis of the critical points of F.

/J- ma 3: Let y, <14 .n|, for all n eIy and X ¢
be a critical pomt 0

1) If Vnely, %! +00), then X is

a local minimizer of FOE( {g}&[e {A
2) Otherwise, Vn € Iy, /such that |Xn |2 € (0, ¥ ZAp,),
there exists a € {0, 2Ay,} such that
F Xp+ae,X,./I X, |2 <F (X), (17)
whereX , =X _e, g X
From the first statement of Lemma 3, one can easily check

whether a critical point of the relaxation £ is a local minimizer
of the initial functional F,. Moreover, if this is not the case,

OPReRIBNEAH Y PRIAINZY. PeNYS PRI bR EeaERSSSthie $BRRRRY

described in Algorithm 1 where IRL1(F"; X) stands for the
minimization of F~ using IRL1 initialized by X. From Lemma 3,
the convergence of this scheme can be obtained in the same way
as [32, Theorem 5.1]. The main difference being that, /the 1D
restriction at line 5 is linear (with nonzero slope) on [0, 2Ay,]
whereas its counterpart in [32] is constant (making o = 0 always
avalid choice for non-increasing ).

Remark 3: To fully exploit the result provided by Theorem 2
terms that are constant with respect to x in (13)). Then, the IRL1




an algorithm that ensures the convergence to a local minimizer
of F has to be defined. In the absence of such an algorithm,
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Algorithm 1 is an interesting alternative. It ensures to reach a
critical point of £ which is also a local minimizer of F,.

V1. NUMERICAL EXPERIMENT

A. Description of the Experiment

We consider an uniformly linear array (ULA) geometry com-
posed of M = 8 omnidirectional elements spaced by half the
electromagnetic wavelength. Given an incident angle 9, the
corresponding steering vector a(d) is

a(¥=(1 elirsin® gj2msing | (18)

We simulate K =2 correlated narrowband signals with planar
wave fronts and incident angles & 1= 10° and 9 = 20°. The
correlation coefficient is fixed to 0.99. The measurements are
corrupted with Gaussian noise so that to reach a specified
signal-to-noise ratio (SNR). Finally, we define the group-sparse
estimation problem (Section 1) by slicing the possible range of
incident angles from 9,,;, = —90° t0 J,,.x = +89° in steps of
1° (i.e., N = 180).

To assess the performance of the proposed method (i.e., mini-
mization of the exact continuous relaxation £~ using Algorithm 1
with X° = 0), we compute the exact support recovery rate for
the two following scenarios

* number of snapshots varying from L = 100 to L = 2 with
a SNR fixed to 10 dB,

* noise levels varying from SNR =30 dB to SNR= _10dB
with the number of snapshots fixed to L = 50.

For each couple (L, SNR) we perform 200 independent real
izations of noise in order to determine the support recovery rate.
We consider that the estimation is successful when the estimated
Xhas onlytwo non-zero rows that correspond to the two incident
angles® 1 =10°and 9 ; = 20°.

Following Remark 1, we set y, = 0.99/| A,,| in (10). Then,
the selection of the regularization parameter A is made so that
to maximize the recovery rate while keeping the same value for
all the 200 realizations.

For comparison, we consider the minimization of the /,
convex relaxation of F, using FISTA [34], as well as the JLZA-
DOA? algorithm [12]. The latter is designed to minimize F,
using a graduated non-convexity approach based on a smoothed
I, 0-norm approximation. All these methods benefit from the
dimensionality reduction presented in Section 111 and we adopt
the same strategy to select the parameter A.

ej(Mfl)rtsin 0)T.

B. Discussion

In terms of support recovery, we can observe from Fig. 2
that the minimization of the suggested exact relaxation F~
performs better than both JLZA-DOA and the 12,1 convex
relaxation. Furthermore, we discovered that for the same value
of A, a direct reduction of FO using a proximal gradient
approach [35] is unable to reliably recover the support over
the various noise realizations. Therefore, the associated curves
are not reported by us.

The normalized power spectra produced by the three
techniques for two noise realizations with L = 40 and SNR =
10 dB are shown on Fig. 3. It is evident that spurious DOAS
near the actual ones are detected by both JLZA-DOA and the
minimization of the 12,1 convex relaxation. Nevertheless, to
the right
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Fig. 2. Support recovery rate as a function of the number of snapshots L for
SNR = 10 dB (top), and as a function of SNR for L = 50 (bottom).

3We tuned the parameters BH]LY/& DOA an'd (lﬁ%d‘?ﬁgf\for our experiment,
the best ones were p, = 0.787 0ok} o= 0.005RaHd Yy = 0.5.
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Fig. 3. Normalized power spectra for two realizations of noise with L = 40
and SNR = 10 dB (zoom between 0° and 30°). The true DOAs are ¢ 1 =
10° and 9 2 = 20°.

plot, recovering the two proper DOAs would require a post-
processing step that isolates local maxima; the identical
computation on the left plot would yield incorrect DOAs. On
the other hand, the suggested method offers a two-sparse
solution that retrieves the actual DOASs.

We include the power spectra from the MUSIC algorithm,
which is unable to resolve the two sources using just L = 40
pictures, for completeness. This illustrates the complexity of the
case under consideration, which includes closely spaced sources
falling within the 3 dB primary beamforming lobe, few
antennas, and strongly correlated sources.
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